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Full Embeddings of (α, β)-Geometries in Projective Spaces
SARA CAUCHIE†, FRANK DE CLERCK AND NICHOLAS HAMILTON
The incidence structures known as (α, β)-geometries are a generalization of partial geometries and
semipartial geometries. For an (α, β)-geometry fully embedded in PG(n, q), the restriction to a plane
turns out to be important. Planes containing an antiflag of the (α, β)-geometry can be divided into
α-planes, β-planes and mixed planes. In this paper (1, β)-geometries fully embedded in PG(3, q) are
classified under the assumption that PG(3, q) contains at least one 1-plane and at least one β-plane.
Next we classify (α, β)-geometries fully embedded in PG(n, q), for α > 1 and q odd, under the
assumption that every plane of PG(n, q) that contains an antiflag of S is either an α-plane or a
β-plane. We also treat the case that there is a mixed plane and that β = q + 1. In a forthcoming paper
we will treat the case β = q . The cases β = q and β = q + 1 are the only cases that can occur under
the assumptions that q is odd, α > 1 and that there is at least one β-plane.
c© 2002 Published by Elsevier Science Ltd.
1. INTRODUCTION
A partial linear space of order (s, t) is a connected incidence structure S = (P,L, I), with
P a finite non-empty set of elements called points, L a family of subsets of P called lines and
I an incidence relation satisfying the following axioms.
1. Any two distinct points are incident with at most one line.
2. Each line is incident with exactly s + 1 points, s ≥ 1.
3. Each point is incident with exactly t + 1 lines, t ≥ 1.
The incidence number of an antiflag (x, L) of S (i.e. x is a point and L is a line of S such
that x is not incident with L) is the number, denoted by i(x, L), of points collinear with the
point x ∈ P and incident with the line L ∈ L. An (α, β)-geometry is a partial linear space
S = (P,L, I) or order (s, t), for some s and t , satisfying the following axiom.
For any x ∈ P and any L ∈ L, x not incident with L , i(x, L) = α or i(x, L) = β,
and each of these two cases occurs.
Although the concept of an (α, β)-geometry was commonly known for special values of α
and β, the general definition appeared, to our knowledge, for the first time in [7]. For α = β
an (α, β)-geometry is a partial geometry. Partial geometries were first studied by Bose in [3].
An (α, β)-geometry S is called strongly regular if its point graph is a strongly regular graph.
Strongly regular (α, β)-geometries have been studied in [9].
A proper (α, β)-geometry is an (α, β)-geometry with α > 0, β > 0 and α 6= β. We will
assume that α < β. An (α, β)-geometry S = (P,L, I) is said to be fully embedded in a
projective space PG(n, q) if P is a subset of the pointset of PG(n, q), L is a subset of the
lineset of PG(n, q), I is the incidence inherited from PG(n, q) and s = q . We require that
the points of S span PG(n, q). Partial geometries fully embedded in PG(n, q) were classified
in [5]. Also full embeddings of (0, α)-geometries, with α > 1, have been previously studied
(see [6] and [12]).
A maximal arc of degree n or a maximal {k, n}-arc in a plane pi is a set of points K such
that every line of pi intersects K in 0 or n points, for 1 ≤ n ≤ q + 1 (for more information see
for instance [10], Section 12.2). A maximal {k, n}-arc K has qn + n − q points. A line of pi
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intersecting K in n points will be called an intersecting line, while a line having no point in
common with K will be called an exterior line. Simple counting arguments show that K has
q2/n + q/n − q exterior lines while through each point of pi not in K there are q/n exterior
lines. This implies that n | q . A maximal arc K is called trivial if K is either a singleton, the
set of points of an affine plane or the set of all points of pi . In [1] it is proved that for q odd,
a maximal arc in a Desarguesian projective plane is trivial. It is commonly known that this
is not true for q even (see [8, 11]). Later on in this paper maximal arcs will occur very often
when we consider the restriction of the embedded (α, β)-geometry to a plane.
EXAMPLE 1.1. The following example of an (α, β)-geometry fully embedded in PG(3, q),
q odd, is due to J. A. Thas (personal communication). Define an incidence structure S =
(P,L, I) as follows: P is the set of points not on a three-dimensional hyperbolic quadric, L
is the set of lines exterior to this quadric and incidence is the one inherited of PG(3, q). Then
S is a ((q − 1)/2, (q + 1)/2)-geometry fully embedded in PG(3, q).
In the next section we will classify fully embedded (1, β)-geometries in PG(3, q) with
some further assumptions. Afterwards, we will study (α, β)-geometries fully embedded in
PG(n, q), for arbitrary n, α > 1 and q odd.
2. FULL EMBEDDINGS OF (1, β)-GEOMETRIES IN PG(3, q)
If S is a (1, β)-geometry fully embedded in a projective space, then the restriction of S to a
plane is a partial linear space, but has not necessarily an order. In case it has an order, it follows
immediately that it is a partial geometry pg(s, β−1, β). The results of [2] show that the points
and lines of a partial geometry fully embedded in a projective plane are either all points and
lines of the plane, or the points not contained in a maximal arc K of the plane, and the lines
exterior to K. A plane in which the restriction of S is a partial geometry pg(s, β − 1, β), we
call a β-plane. A plane in which the set of lines of S is a set of lines mutually intersecting in
one point x , we call a degenerate plane; the point x will be called the centre of the degenerate
plane. A plane that contains an antiflag of S and that is not a degenerate plane or a β-plane,
we call a mixed plane. In such a mixed plane, every point of S in the plane is incident with
either 1 line or with β lines of S in this plane. It follows that if a plane contains an antiflag of
S then it must be either a β-plane, a mixed plane or a degenerate plane.
In this section we obtain a complete classification of proper (1, β)-geometries in PG(3, q),
under the assumption that PG(3, q) contains at least one degenerate plane and at least one
β-plane.
LEMMA 2.1. There exists no proper (1, t + 1)-geometry fully embedded in PG(3, q).
PROOF. Let S be a proper (1, t + 1)-geometry fully embedded in PG(3, q). Since S is
proper, there exists a point x ∈ P and a line L ∈ L for which i(x, L) = t + 1. So all lines of
S through x are contained in the plane 〈x, L〉. Let p1 and p2 be distinct points of L collinear
with x . The lines 〈x, p1〉 and L are both lines of S through p1 in the plane 〈x, L〉. It follows
that i(p1, 〈x, p2〉) 6= 1, and so i(p1, 〈x, p2〉) = t + 1, i.e., all lines of S through p1 are
contained in the plane 〈x, L〉. In the same way, one can see that all the lines of S through
p2 are contained in 〈x, L〉. Assume that there is a line M ∈ L not contained in 〈x, L〉. Let
M ∩ 〈x, L〉 = {y}. If 〈x, y〉 6∈ L, then M contains 0 points collinear with x , a contradiction.
Hence 〈x, y〉 ∈ L, and necessarily 〈y, p1〉 6∈ L or 〈y, p2〉 6∈ L. Indeed, if 〈y, p1〉 ∈ L and
〈y, p2〉 ∈ L, arguing as before implies that all of the lines of S on y are in 〈x, L〉, which is a
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contradiction. So either p1 or p2 is collinear with no points of M , a contradiction. This proves
that all the lines of S meeting 〈x, L〉 are contained in 〈x, L〉, and since S is connected, all the
points of S are contained in 〈x, L〉. So S is contained in a plane of PG(3, q), a contradiction
with the assumption that the points of S span PG(3, q). This proves that a proper (1, t + 1)-
geometry fully embedded in PG(3, q), does not exist. 2
REMARK. From the proof of Lemma 2.1, it follows that the result of Lemma 2.1 also holds
in PG(n, q), for n ≥ 3. Actually the lemma also holds for a pg(q, t, t + 1) in PG(n, q)
(see [5]).
LEMMA 2.2. There exists no proper (1, q + 1)-geometry fully embedded in PG(3, q).
PROOF. Let S be a proper (1, q+1)-geometry fully embedded in PG(3, q). Then from [4] it
follows that S is a polar space. The elliptic quadric Q− (3, q) contains no lines. The other non-
degenerate polar spaces in PG(3, q) are all generalized quadrangles (for which α = β = 1).
In a degenerate polar space the number of lines through a point is never a constant. So there
exists no proper (1, q + 1)-geometry fully embedded in PG(3, q). 2
LEMMA 2.3. If S is a proper (1, β)-geometry fully embedded in PG(3, q), such that there
exists at least one degenerate plane and at least one β-plane, then t + 1 = qβ + β − q.
PROOF. Let S be a proper (1, β)-geometry fully embedded in PG(3, q), such that there is at
least one degenerate plane pi , call its centre x , and at least one β-plane ρ. From the definition
of a β-plane, it follows that the points and lines of S in ρ are the points not on a maximal arc
of degree q/β and the lines exterior to this maximal arc. Note that by Lemma 2.2, β ≤ q,
hence that β | q.
Assume that the centre x of the degenerate plane pi is incident with r+1 lines of S contained
in pi . Then |L| = b = t + 1+ (r + 1)qt , hence in each degenerate plane the centre is incident
with r + 1 lines of S.
Assume that the β-plane ρ does not contain the centre x of the degenerate plane pi . As the
line pi ∩ ρ is not passing through x , it is an intersecting line of the pointset P ∩ ρ and hence
it contains q + 1 − q/β points of S. This implies that r + 1 = q + 1 − q/β. Counting the
lines of S intersecting pi , we find that b = (q + 1 − q/β)qt + t + 1. Counting the lines of S
intersecting ρ, we obtain that b = (q +1−q/β)(qt +q + t +1−qβ). From both expressions
follows that t + 1 = qβ + β − q . Hence, if t 6= (q + 1)(β − 1), then every β-plane contains
all centres of the degenerate planes.
Let us assume for the rest of the proof that t 6= (q + 1)(β − 1). We will first prove that
r 6= q, i.e., that the centre x of pi is incident with a line that is a tangent line to P ∩pi . Assume
that r = q. Let M be a line in pi that does not contain x . Then M contains q + 1 points of S,
but M 6∈ L. It is clear that M cannot be contained in a β-plane, since we proved that every
β-plane contains x . Hence a plane through M is a degenerate plane, a mixed plane or a plane
that contains no antiflag of S.
Assume that there is a mixed plane σ through M . We count the number of lines of S in σ
in two different ways. Let L be a line of σ that is an element of L. Let a (resp. a′) be the
number of points on M (resp. L) through which there are β lines of S in σ . Counting the lines
of S in σ intersecting M , we get that there are aβ + q + 1 − a lines of S in σ . Counting the
lines of S in σ intersecting L , we get that there are a′(β − 1)+ 1 lines of S in σ . Comparing
these two results, we get that a = a′ − q/(β − 1). Since a and a′ are both integers, we see
that (β − 1) | q . However, we noted above that β | q. Hence β = 2. Since M is a line not
belonging to S but containing q + 1 points of S, there are at least q + 1 lines of S contained
in σ . Since β = 2, no three lines of S in σ are concurrent. This forces the lines of S in σ to
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be q + 1 lines of a dual oval, M being the nucleus line of this dual oval. So in a mixed plane
there is exactly one line of S through each point of M . In a degenerate plane through M there
is also one line of S through each point of M . In a plane containing no antiflag of S there are
no lines of S. Hence we may conclude that if β = 2, then t ≤ q , but as r = q, it follows that
t = q .
Now assume that β 6= 2. Then there cannot be a mixed plane containing M . The line M
contains q + 1 points of S, but M /∈ L. So every plane through M is either a degenerate plane
or a plane that contains M but no antiflag of S. In a degenerate plane there is one line through
every point of M . In a plane through M that contains no antiflag of S there are no lines of S.
Counting all the lines of S through a point of M , we get that t ≤ q, and hence again it follows
that t = q.
Now from the first paragraph of the proof, we know that every β-plane contains x . Since
t = q = r , all of the lines of S on x are contained in pi and so a β-plane cannot contain
x . This proves that there cannot be a β-plane contained in PG(3, q), a contradiction with our
assumption. Hence the degenerate plane pi has to contain a tangent N at S.
Now we look at the planes through the tangent line N through x in the degenerate plane pi
with centre x . Every plane through N has to be either a degenerate plane or a plane containing
no antiflag of S. A plane spanned by N and a line through x in the β-plane ρ that does not
belong to S clearly cannot be a degenerate plane. So such a plane contains no antiflag of S.
Let L ′ be a line of S in ρ, with x ∈ L ′. Assume that 〈N , L ′〉 contains no antiflag of S. Since
〈N , L ′〉 contains L ′, all lines of 〈N , L ′〉 different from L ′ are tangent lines to S. Let y be a
point of S, y /∈ L ′. The plane 〈y, L ′〉 contains an antiflag of S. Let L y be a line of S through
y intersecting L ′. Then all the planes through L y different from 〈L y, L ′〉 intersect 〈N , L ′〉 in
a line that is tangent to S. This implies that in all these planes there is exactly one line of S
through y, namely L y . Hence, counting the lines of S through y, we obtain that t + 1 ≤ β,
a contradiction with Lemma 2.1. We conclude that 〈N , L ′〉 is a degenerate plane. Since there
are β lines of S in ρ through x , there are β degenerate planes through N . Counting the lines
of S through x ∈ N , we obtain that t + 1 = (r + 1)β. Hence
b = (r + 1)q((r + 1)β− 1)+ (r + 1)β = qβ− q +β+ (q + 1)
(
q − q
β
+ 1
)
((r + 1)β−β).
Solving this quadratic equation in r + 1 yields r + 1 = q + 1 − q
β
, which implies t =
(q + 1)(β − 1) which is against the assumption, or r + 1 = 1 which implies that t + 1 = β,
which is also a contradiction. Hence, if S is a proper (1, β)-geometry fully embedded in
PG(3, q), such that there exists at least one degenerate plane and at least one β-plane, then
t + 1 = qβ + β − q . 2
This leaves us with the case t = (q +1)(β−1). It will be proved in Lemma 2.4 that there is
no proper (1, β)-geometry fully embedded in PG(3, q), such that every plane that contains an
antiflag of S is either a degenerate plane or a β-plane. In Lemma 2.5 we will prove however
that under the assumption that there is at least a degenerate plane and a β-plane, mixed planes
cannot occur if t = (q + 1)(β − 1).
LEMMA 2.4. Let S be a proper (1, β)-geometry fully embedded in PG(3, q), such that
t = (q + 1)(β − 1), then there is at least one mixed plane.
PROOF. Let S be a proper (1, β)-geometry fully embedded in PG(3, q), such that t + 1 =
qβ + β − q and such that there are no mixed planes. Hence there is at least one degenerate
plane pi and at least one β-plane ρ.
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Assume that the centre x of pi is incident with q + 1 lines of S in pi . Let M be a line
in pi not through x . Then every plane through M is either a degenerate plane or a plane that
contains no antiflag of S. (Note that such a plane cannot be a β-plane. Indeed, in a β-plane the
points and lines of S are the points and lines exterior to a maximal arc. So if M is contained
in a β-plane, then since M contains q + 1 points of S, it follows that M ∈ L, which is a
contradiction.) Counting the lines of S through a point w ∈ M , we get that t + 1 ≤ q + 1, but
since t + 1 = qβ + β − q , this yields a contradiction. Hence pi contains a tangent line N to
P at x .
Let L be a line of S not through x . We will prove that all planes through L are β-planes.
All the planes through N are degenerate planes or planes that do not contain an antiflag of S.
By assumption t + 1 = qβ + β − q . It follows that t + 1 ≥ q + β. The β-plane ρ intersects
N in a point. If x /∈ ρ, then every plane through N in PG(3, q) contains q + 1 − q/β points
of S on its intersection line with ρ. In pi there are at most q lines of S through x , hence since
t + 1 ≥ q + β, there is a plane through N in PG(3, q), different from pi , containing a line
of S through x . This plane intersects ρ in a line containing q + 1 − q/β points of S, so it
contains an antiflag of S and hence it is a degenerate plane. If x /∈ ρ, then β planes through
N intersect ρ in a line of S, while the q + 1− β other planes through N in PG(3, q) intersect
ρ in a line containing q + 1 − q/β points of S. In pi there are at most q lines of S through
x . Clearly the intersection line of pi and ρ is a line of S. From t + 1 ≥ q + β it follows that
there is a plane through N in PG(3, q), different from pi , containing a line of S through x and
intersecting ρ in a line containing q + 1 − q/β points of S. Hence also if x ∈ ρ, there are at
least two degenerate planes through N . One of them is pi , the other we call pi ′. Now we look
at the plane 〈L , x〉. It intersects both pi and pi ′ in a line of S. Hence it contains a triangle of
lines of S. This proves that 〈x, L〉 is a β-plane.
All planes through L different from 〈L , x〉 contain an antiflag of S. Indeed, they contain
the line L of S and a point of S not on L on their intersection line with pi . Hence they are
degenerate planes or β-planes. Assume that c + 1 planes through L are β-planes. We denote
the point L ∩ pi by z. We count the lines of S through z in the planes through L . The c+ 1 β-
planes through L contain β lines of S through z. In each of the q−c degenerate planes through
L there is exactly one line of S through z, namely L , since the line of that plane through z in pi
does not belong to S and it is not a tangent. It follows that t = (q+1)(β−1) = (c+1)(β−1).
Hence c = q , which means that all the planes through L in PG(3, q) are β-planes.
We will now prove that there exists a plane through N that does not contain an antiflag of
S. By assumption there is a β-plane ρ contained in PG(3, q). Let L ′ be a line of S in ρ not
on x . Then by the previous paragraph we know that the plane 〈x, L ′〉 is a β-plane. Let η be a
plane through the tangent line N at x and a line through x in 〈x, L ′〉 that does not belong to
S. Then η contains a tangent line to S at x and a line through x containing q +1−q/β points
of S. Since q + 1 − q/β 6= 1 (otherwise it follows that β = 1, which is a contradiction), this
proves that η cannot be a degenerate plane. It follows that η is a plane that does not contain
an antiflag of S.
We will count the points of S in η in two different ways. Let Lw be a line of S that intersects
η in a point w different from x . By the above argument we know that all planes through Lw
are β-planes. They intersect η in a line that does not belong to S. Hence all lines through w
in η contain q + 1 − q/β points of S. It follows that η contains (q + 1)(q − q/β)+ 1 points
of S. Now we look at the lines through x in η. If a line through x in η contains a point u of S
different from x , then this line contains q + 1 − q/β points of S. Indeed, we can take a line
of S through u. By the above argument, all planes through this line are β-planes. It follows
that 〈x, u〉 is contained in a β-plane. Since 〈x, u〉 /∈ L, it contains q + 1 − q/β points of S.
Now assume that there are c′ lines through x in η that contain a point of S different from x .
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Then the number of points of S in η is equal to c′(q − q/β) + 1, which should be equal to
(q + 1)(q − q/β)+ 1; hence c′ = q + 1 and all the lines through x in η contain q + 1− q/β
points of S. This is a contradiction, since η contains the tangent line N at x to S.
This proves that under the assumption that t = (q + 1)(β − 1), there should be at least one
mixed plane. 2
LEMMA 2.5. There exists no proper (1, β)-geometry fully embedded in PG(3, q) such that
PG(3, q) contains both a degenerate plane and a β-plane.
PROOF. From Lemma 2.4 we may assume that there is at least one mixed plane. By Lemma
2.3 we know that t + 1 = qβ + β − q . We will separate the cases β = q and β 6= q.
1. Assume first of all that β = q , hence t + 1 = q2 and the incidence structure of points
and lines of S in a q-plane is a dual affine plane.
We will prove that there are no mixed planes contained in PG(3, q). Assume therefore
that σ is a mixed plane contained in PG(3, q). Hence σ contains an antiflag (w, L) such
that i(w, L) = q , which means that there exists a unique point w′ on L such that the
projective line 〈w,w′〉 is not a line of S. Let p be a point of L such that the projective
line 〈w, p〉 is a line of S. Then p is incident with at least two lines of S in σ , and so is
incident with β = q lines of S in σ . Counting the points of PG(3, q) that do not belong
to P on the lines through p and w in σ it follows that either all points of σ belong to S,
or exactly one point y in σ does not belong to S.
Assume first that all the points of σ belong to S. Then through all the points of σ there
are 1 or q lines of S. Now, if we dualize, we get a plane σ D in which the lines of S
form a set K of points such that every line of σ D contains either 1 or q points of K.
Hence K is a (1, q)-set in the plane σ D , a contradiction because such a set does not
exist (see [10] Theorem 12.3.6).
Assume next that σ contains one point y that does not belong to S. Then, dualizing, we
get a plane σ D in which the lines of S are a set of points K such that every line of σ D
different from yD contains 1 or q points of K, while yD contains 0 points of K. Hence
K is an affine (1, q)-set. If q > 2 such a set is an affine plane, but this implies that the
incidence structure of points and lines of S in σ is a dual affine plane, which contradicts
the assumption that σ is a mixed plane. The case q = 2 is also easily ruled out. So, if
β = q then there cannot be a mixed plane contained in PG(3, q).
2. Assume that β 6= q, and hence by Lemma 2.2 we may assume that β < q. Then
q is even, since for q odd there exists no non-trivial maximal arc in a Desarguesian
plane [1]. Since β | q, we conclude that q = 2h for h ∈ N and that β = 2r for an
r ∈ N, 0 < r < h.
We will prove again that PG(3, q) cannot contain a mixed plane. Assume therefore that
PG(3, q) contains a mixed plane σ . Let bσ be the number of lines of S in σ . The number
of points of σ through which there are β lines (resp. 1 line) of S contained in σ , we
denote by mβ (resp. m1). It follows that{
m1 + βmβ = (q + 1)bσ
β(β − 1)mβ = bσ (bσ − 1).
So
mβ = bσ (bσ − 1)
β(β − 1) and m1 = (q + 1)bσ −
bσ (bσ − 1)
β − 1 .
Now we count the lines of S through the points of S in σ . We get that |L| = bσ +
m1t + mβ(t + 1 − β). Counting the lines of S through the points of S in a β-plane,
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we get that |L| = (q + 1)(q + 1 − q/β)(t + 1 − β) + qβ + β − q . By assumption
t + 1 = qβ + β − q . Substituting these expressions for |L|, t + 1, m1 and mβ in the
equation |L| = bσ + m1t + mβ(t + 1 − β), we get that
(q/β − q − 1)b2σ + (q2β − q2 + 2qβ + β − q + 1 − q/β)bσ
− (q + 1 − q/β)(q2β − q2 + qβ − q + β) = 0.
The solutions of this quadratic equation in bσ are (with β = 2r )
q2(2r − 1)+ q(2r − 1)+ 2r
q(2r − 1)+ 2r and q(2
r − 1)+ 2r .
Assume first that bσ = q2(2r−1)+q(2r−1)+2rq(2r−1)+2r . Since bσ ∈ N, it follows that (2r − 1)q +
2r | − q + 2r . In particular, (2r − 1)q + 2r ≤ q − 2r . Substituting q = 2h , we get that
2h−1 ≤ 2h−r − 1, which is clearly a contradiction since r ≥ 1.
Assume next that bσ = q(2r − 1) + 2r . Then m1 = 0 and hence σ is a β-plane, a
contradiction with our assumption.
This proves that also in the case β 6= q there cannot be a mixed plane contained in
PG(3, q).
We may conclude that there exists no proper (1, β)-geometry, fully embedded in PG(3, q),
with t + 1 = qβ + β − q and such that there exists both a degenerate plane and a β-plane.2
From all the lemmas above follows the main classification theorem.
THEOREM 2.1. There exist no proper (1, β)-geometry, fully embedded in PG(3, q), under
the assumption that there is at least one degenerate plane and at least one β-plane.
REMARK. In the previous theorem, it is assumed that PG(3, q) contains at least one degen-
erate plane and at least one β-plane. The cases not included in the theorem can be put into
three categories.
1. Planes containing an antiflag of S are either mixed planes or β-planes, and there is at
least one β-plane. Let σ be a mixed plane. Let v1 (resp. vβ ) be the number of points of
σ through which there is 1 line of S in σ (resp. there are β lines of S in σ ). Let bσ be
the number of lines of S in σ , and let b be the number of lines of S in PG(n, q). Then,
by counting arguments, one obtains that
v1 + βvβ = (q + 1)bσ
β(β − 1)vβ = bσ (bσ − 1)
v1t + vβ(t + 1 − β)+ bσ = b.
Now let ρ be a β-plane. Counting the lines of S intersecting ρ and the lines of S in ρ,
we get that b = qβ − q + β + (q + 1)(q − q/β + 1)(t + 1− β). From these equations,
it follows that bσ = q + 1 − qβ/(t + 1). Hence t + 1 | qβ. Let L be a line of S in σ
and assume that there are a points of L through which there are β lines of S in σ . Then,
counting the lines ofL in σ intersecting L , we get that a = q(t+1−β)/((β−1)(q−1)).
So β − 1 | t . Now from t + 1 | qβ, it follows that β = 2 and hence q = 2h for h ∈ N.
Also, one gets that t + 1 = 2l , with 2 ≤ l ≤ h.
2. Planes containing an antiflag of S are either mixed planes or degenerate planes, and
there is at least one degenerate plane.
3. All planes containing an antiflag of S are mixed planes.
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3. FULL EMBEDDINGS OF (α, β)-GEOMETRIES IN PG(n, q), α > 1 AND q ODD
Let S be an (α, β)-geometry fully embedded in PG(n, q), q odd and α > 1. As in Section 2
we examine the behaviour of planes containing an antiflag of S. Such a plane can either
be an α-plane or a β-plane (if the restriction of S to this plane is a pg(s, α − 1, α) resp. a
pg(s, β − 1, β)) or it can be a mixed plane. Let pi be an α-plane or a β-plane contained in
PG(n, q). Then as before the points and lines of S in pi are either all points and lines of pi , or
all points not contained in a maximal arc of pi and all lines not intersecting this maximal arc.
Now for q odd, there exists no non-trivial maximal arc in a Desarguesian projective plane [1].
Hence the points and lines of S in pi are either all points and lines of pi , or all points of pi
except one point p and all lines of pi not through p. It is our aim to classify all full embeddings
of proper (α, β)-geometries in PG(n, q), q odd and α > 1, under the assumption that there
is at least one α-plane or one β-plane contained in PG(n, q). With this assumption there are
three possibilities: α = q and β = q + 1, α < q , in which case there are no α-planes and
β = q + 1 or β = q .
In the following, we denote the pointset of PG(n, q) by P(n, q).
In this section we will classify proper (α, β)-geometries fully embedded in PG(n, q) under
the assumption that every plane of PG(n, q) that contains an antiflag of S is either an α-plane
or a β-plane. We also obtain a classification under the assumption that there is a mixed plane
and that β = q + 1. In a forthcoming paper we will classify the case β = q.
Note that Example 1.1 is an (α, β)-geometry for which every plane containing an antiflag
of S is a mixed plane. Indeed, every plane containing an antiflag of S intersects the hyperbolic
quadric in a conic. So this is an example of an (α, β)-geometry fully embedded in PG(3, q),
such that PG(3, q) contains no α-planes and no β-planes. This shows that there can exist
(α, β)-geometries fully embedded in PG(n, q), q odd, that are not covered by our classifica-
tion, since they contain no α-planes and no β-planes.
3.1. The case in which every plane of PG(n, q) that contains an antiflag of S is an α-plane
or a β-plane. Let S be a proper (α, β)-geometry fully embedded in PG(n, q). Assume that
every plane containing an antiflag of S is an α-plane or a β-plane, i.e., there are no mixed
planes contained in PG(n, q). Since α and β both have to occur, there has to be at least one
α-plane and at least one β-plane contained in PG(n, q). As α < β, it follows that the points
and lines of S in a β-plane are all points and all lines of the plane, and that the points and lines
of S in an α-plane are all points of the plane except one point p and all lines of the plane that
do not contain p. Hence β = q + 1 and α = q.
Although we were assuming q to be odd, the rest of this section is also valid for q even.
LEMMA 3.1. Let S = (P,L, I) be a proper (q, q + 1)-geometry fully embedded in
PG(n, q). Assume that every plane of PG(n, q) that contains an antiflag of S is a q-plane
or a (q + 1)-plane. Then
1. a line of PG(n, q), that contains q + 1 points of S, belongs to L;
2. every line in PG(n, q) contains 0, 1, q or q + 1 points that are elements of P(n, q)\P .
PROOF. 1. Let M be a line of PG(n, q) that contains q +1 points of S. Since t +1 > 1,
we can take a line L of S that intersects M in a point. The plane 〈L , M〉 clearly contains
an antiflag of S. So it is a q-plane or a (q + 1)-plane. Now, in both a q-plane and a
(q + 1)-plane, a line containing q + 1 points of S is a line of S. Hence M is a line of S.
2. Assume that PG(n, q) contains a line M on which there are r points that are elements
of P(n, q)\P , with r /∈ {0, 1, q, q + 1}. Then M contains at least two points y1 and y2,
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that are elements of P(n, q)\P and at least two points p1 and p2 of S. Since t + 1 > 0,
there is a plane through M containing a line L of S through p1. This plane contains
the antiflag (p2, L) of S and hence it is a q-plane or a (q + 1)-plane. However, the
plane 〈M, L〉 contains the two points y1 and y2, that are elements of P(n, q)\P . This is
a contradiction. Hence every line in PG(n, q) contains 0, 1, q or q + 1 points that are
elements of P(n, q)\P . 2
THEOREM 3.1. Let S = (P,L, I ) be a proper (q, q + 1)-geometry fully embedded in
PG(n, q). Assume that every plane of PG(n, q) that contains an antiflag of S is a q-plane or
a (q + 1)-plane. Then P is the set of points of PG (n, q)\PG (m, q), for some 0 ≤ m < n − 2
and L is the set of the lines of PG(n, q) that are disjoint of PG(m, q).
PROOF. Let S be a proper (q, q + 1)-geometry fully embedded in PG(n, q). Assume that
PG(n, q) contains no mixed planes.
We will first prove that the points that are elements of P(n, q)\P form a subspace PG(m, q)
of PG(n, q). Suppose not, and let N be a line containing two points that are elements of
P(n, q)\P and one point p ∈ P . Then from Lemma 3.1 it follows that N contains q points
that are elements of P(n, q)\P . Since t + 1 ≥ 2, we can take a plane pi through two lines
of S intersecting in p. The plane pi has to be a q-plane or a (q + 1)-plane. So there are q or
q + 1 lines of S through p in pi . Next we look at the 3-space 〈N , pi〉. Every plane through
N in 〈N , pi〉 contains at least q points that are elements of P(n, q)\P , so such a plane cannot
contain an antiflag of S. There are at least q of these planes that intersect pi in a line of S.
They contain exactly q2 points that are elements of P(n, q)\P . If the remaining plane through
N in 〈N , pi〉 would contain a point w of S, w /∈ pi , then every plane through w and a line
of S in pi through p contains an antiflag of S and more than two points that are elements of
P(n, q)\P , a contradiction. We conclude that all points of 〈N , pi〉\pi are points that are ele-
ments of P(n, q)\P . Since S is connected, there is a line L of S intersecting 〈N , pi〉 in a point.
Since all points of S in 〈N , pi〉 are contained in pi, L intersects pi in a point. The planes through
L in 〈L , N , pi〉 partition the points of 〈L , N , pi〉. Every plane through L intersecting 〈N , pi〉
in a line not contained in pi contains the line L of S and at least q points that are elements
of P(n, q)\P . So every such plane contains q2 points that are elements of P(n, q)\P , namely
all the points not on L . Hence all the points of S in the four-dimensional space 〈L , N , pi〉 are
contained in the three-dimensional space 〈L , pi〉. Continuing in this way, we see that all the
points of S in PG(n, q) are contained in an (n − 1)-dimensional subspace of PG(n, q). This
is a contradiction, because the points of S have to span PG(n, q). This proves that the points
that are elements of P(n, q)\P form a subspace PG(m, q) of PG(n, q), m < n − 2.
From Lemma 3.1 it follows that every line that contains q + 1 points of S belongs to
S. Hence the lines of S in PG(n, q) are the lines not intersecting PG(m, q). It is clear that
m ≤ n−2 for otherwise there can be no lines of S. If m = −1 or m = n−2, then S would be
a partial geometry, a contradiction since we assumed S to be proper. Hence 0 ≤ m ≤ n − 3.2
COROLLARY 3.1. Let S = (P,L, I ) be a proper (α, β)-geometry fully embedded in PG(n,
q), with α > 1 and q odd. Assume that every plane of PG(n, q) that contains an antiflag of
S is an α-plane or a β-plane. Then P is the set of points of PG (n, q)\PG (m, q), for some
0 ≤ m < n − 2 and L is the set of the lines of PG(n, q) that are disjoint of PG(m, q).
3.2. The case in which there is a mixed plane and β = q + 1. Let S = (P,L, I ) be a
proper (α, β)-geometry fully embedded in PG(n, q), α > 1, β = q + 1 and q odd. Assume
that there is a mixed plane σ .
We will determine what the restriction of S to σ can be. To do that, suppose that σ contains
only one point p through which there are q + 1 lines of S in σ . Then all points of σ belong
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to S, since through every point of σ there is a line of S. Now in the dual affine plane σ\{p}
there are α − 1 lines of S through every point. Hence the restriction of S to σ\{p} is a
partial geometry pg(q, α−2, α−1). This partial geometry has q(α−1) lines. Now we count
the number of lines of this partial geometry in another way. Let L be a line of S in σ\{p}.
Counting the lines of S in σ\{p} intersecting L , we get that there are (q + 1)(α− 2)+ 1 such
lines. Comparing our results, we get that α − 1 = q. So α = β, a contradiction because we
assumed S to be a proper (α, β)-geometry.
Next suppose that σ contains more than one point through which there are q + 1 lines of
S. Let K be the set of points of σ through which there are q + 1 lines of S. We will prove
that K is a maximal arc. Let L be a line of S in σ that contains c points of K. Then there are
1 + cq + (q + 1 − c)(α − 1) lines of S in σ . Assume that M is a line of S in σ that contains
c′ points of K. Then the number of lines of S in σ would be 1 + c′q + (q + 1 − c′)(α − 1).
Comparing these two results we get that c = c′. Hence on every line of S in σ there is a
constant number c of points of K. It is clear that on a line in σ that does not belong to S, there
are 0 points of K. So K is a maximal arc. Now since q is odd, K has to be trivial (see [1]).
Since it was assumed that there was more than one point with q + 1 lines of S through it, the
points in σ with q + 1 lines through them form an affine plane. It follows that α = q and that
all the points of σ are points of S, while there is exactly one line of σ that does not belong to
S.
We conclude that there are three types of planes containing an antiflag of S: q-planes,
(q + 1)-planes or planes in which all points belong to S and all lines but one belong to S.
THEOREM 3.2. Let S be a proper (α, q+1)-geometry, α > 1, fully embedded in PG(n, q),
such that there is at least one mixed plane. Then the points of S are the points of PG (n, q)
\PG (m, q), with 0 ≤ m ≤ n − 3. Moreover there exists a partition of the points of S in
m′-dimensional subspaces of PG(n, q) that pairwise intersect in PG(m, q), m + 2 ≤ m′ ≤
n−2, such that the lines of S are the lines that intersect q+1 of these m′-dimensional spaces in
a point. A necessary and sufficient condition for this partition to exist is that (m′−m)|(n−m′).
PROOF. Let S be a proper (α, q + 1)-geometry, α > 1, fully embedded in PG(n, q), such
that there is at least one mixed plane.
Consider a new geometry S∗ = (P∗,L∗, I ∗), with P∗ = P and with L∗ = L ∪ B, where
B is the set of all lines of PG(n, q) that contain q + 1 points of S but that do not belong
to L. Then S∗ satisfies the hypotheses of Theorem 3.1. So, applying that theorem to S∗, it
follows that the points of PG(n, q) that are elements of P(n, q)\P form a subspace PG(m, q)
of PG(n, q), for m ≤ n − 2. If m = n − 2, then every plane would contain a point that is an
element of P(n, q)\P , a contradiction since we assumed that there is a mixed plane. Hence
m < n − 2.
There remains to prove that the lines of S are the lines not belonging to a partition of the
points of S in m′-dimensional spaces intersecting pairwise in PG(m, q), with m + 2 ≤ m′ ≤
n − 2. By assumption there is at least one mixed plane in PG(n, q). Such a plane contains a
line M that does not belong to S, on which there are q + 1 points of S. Let B be the set of all
the lines not belonging to S on which there are q + 1 points of S.
Let σ be a plane spanned by M and a point that is an element of P(n, q)\P . Then σ cannot
contain an antiflag of S. So σ does not contain a line of S. Since σ was a plane through M
and an arbitrary point of PG(n, q), this implies that all lines contained in the (m + 2)-space
〈M,PG(m, q)〉 and intersecting M , do not belong to S. Let N ′ be a line in 〈M,PG(m, q)〉
that does not intersect M . Then a plane spanned by N ′ and a point x of M contains q + 1
lines through x that do not belong to S. This implies that N ′ /∈ L, for otherwise i(x, N ′) = 0.
Hence 〈M,PG(m, q)〉 contains no lines of S. Through each point of M , there are at least
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(qm+2 − 1)/(q − 1) lines not belonging to S, namely all the lines through such a point in
the space 〈M,PG (m, q)〉. Assume that not all lines of B through the points of M belong to
〈M,PG (m, q)〉. Then there is a line M ′ ∈ B, that intersects M in a point. In the same way as
we did for M , we get that the (m + 2)-dimensional space 〈M ′,PG(m, q)〉 contains no lines of
S. It follows immediately that the (m+3)-dimensional space spanned by 〈M,PG (m, q)〉 and
〈M ′,PG (m, q)〉 does not contain a line of S. Continuing in this way, we obtain that all lines
of B through the points of M are contained in a subspace PG(m′, q), for m +2 ≤ m′ ≤ n−2,
that contains PG(m, q).
Since t +1 is a constant, through every point of S in PG(n, q) there are the same number of
lines that do not belong to S. So through every point of S there is a constant number of lines of
B. Hence the lines of B are the lines contained in a partition of the points of P(n, q)\PG(m, q)
in m′-dimensional spaces pairwise intersecting in PG(m, q).
Summarizing, we know that the points that are elements of P(n, q)\P are the points of a
subspace PG(m, q) of PG(n, q), m < n−2. The points of PG(n, q)\PG(m, q) are partitioned
in m′-dimensional subspaces of PG(n, q), m + 2 ≤ m′ ≤ n − 2, that intersect pairwise in
PG(m, q). All lines of PG(n, q) in such a subspace do not belong to S, all lines intersecting
q + 1 of these subspaces in a point each belong to S.
A necessary and sufficient condition for this configuration to exist is that the points of
PG (n, q)\PG (m, q) can be partitioned in m′-dimensional spaces pairwise intersecting in
PG(m, q). By considering the factor space PG(n, q)/PG(m, q), this is equivalent to finding a
partition of PG(n −m − 1, q) into (m′−m − 1)-spaces. By ([10], Theorem 4.1.1) this occurs
if and only if (m′ − m)|(n − m′). 2
In Section 3, we classified (α, β)-geometries fully embedded in PG(n, q), for q odd and
α > 1, first under the assumption that every plane containing an antiflag of S is an α-plane or
a β-plane and next under the assumption that β = q + 1 and that there is a mixed plane. In
a forthcoming paper, (α, β)-geometries fully embedded in PG(n, q), q odd and α > 1, with
β = q and assuming that there is a mixed plane will be classified. This will complete the
classification of (α, β)-geometries fully embedded in PG(n, q), q odd and α > 1, under the
assumption that PG(n, q) contains an α-plane or a β-plane.
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